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CHAPTER 1 
EQUILIBRIUM OF FORCES 


1.1. Equations of Equilibrium. One of the first steps in the design 
of a machine or structure is the determination of the loads acting on 
each member. ‘The loads acting on an airplane may occur in various 
landing or flight conditions. The loads may be produced by ground 
reactions on the wheels, by aerodynamic forces on the wings and other 
surfaces, or by forces exerted on the propeller. The loads are resisted 
by the weight or inertia of the various parts of the airplane. Several 
loading conditions must be considered, and each member must be de- 
signed for the combination of conditions which produces the highest 
stress in the member. For practically all members of the airplane struc- 
ture the maximum loads occur when the airplane is in an accelerated 
flight or landing condition and the external loads are not in equilibrium. 
If, however, the inertia loads are also considered, they will form a system 
of forces which are in equilibrium with the external loads. In the design 
of any member it is necessary to find all the forces acting on the member, 
including inertia forces. Where these forces are in the same plane, as is 
often the case, the following equations of static equilibrium apply to any 

isolated portion of the structure: 


oF. =0 
=F, =0 (1.1) 
=IM =0 


The terms =F, and =F, represent the summations of the components 
of forces along x and y axes, which may be taken in any two arbitrary 
directions. The term =M represents the sum of the moments of all 
forces about any arbitrarily chosen point in the plane. Each of these 
equations may be set up in an infinite number of ways for any problem, 
since the directions of the axes and the center of moments may be chosen 
arbitrarily. Only three independent equations exist for any free body, 
however, and only three unknown forces may be found from the equa- 
tions. If, for example, an attempt is made to find four unknown forees 
by using the two force equations and moment equations about two 
points, the four equations cannot be solved because they are not inde 
pendent, i.e., one of the equations can be derived from the other three. 
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‘The third equation may be obtained by adding the first two equations, 
and consequently does not represent an independent condition. 
containing several members it is neces- 
sary to draw a free-body diagram for each member, showing all the 
forces acting on that member. It ia not possible to show these forces 
on a composite sketch of the entire structure, since equal opposite 
forces act at all joints and an attempt to designate the direction 
of the force on each member will be confusing. In applying the equa- 
tions of statics it is desirable to choase the axes and centers of moments 
so that only one unknown appears in each equation, 

Many structural joints are made with a single bolt or pin. Such 
joints are asumed to have no resistance to rotation. The force at 
such a joint must pass through the center of the pin, as shown in Fig. 1.1, 
since the moment about the center of the pin must be zero. The force 
at the pin joint has two unknown quantities, the magnitude F and the 
dipoction @ It is usually more convenient to find the two unknown 
componenta, F, and F,, from which F and @ can be found by the 


equines: PaVAtR (1.2) 
steno = (1.3) 


The statics problem is considered as solved when the components F’, 
and F, at each joint are obtained, 





Pee. 2.1. Fie, 1,2. 


1.2. Two-force Members. When a structural member has forces 
acting at only two points, these forces must be equal and opposite, as 
shown in Fig. 1.2. Since moments about point A must be zero, the 
force F’y must pass through point A. Similarly the force ’, must pass 
through point B for moments about point to be sero. From 4 sum- 
mation of forces, the forees Fy and F'4 must have equal magnitudes but 





While Eqs. 1.1 are simple and well known, it is very important for a 
student to acquire proficiency in the application of these equations to 
various types of structures. A typical structure will be analysed as an 


ar | 
example problem. i 
wee Find the forces acting at all joints of the structure shown in. a 
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Solution. First draw free-body diagrams of all members, as shown in Pig. Me 


Since AB and GD are two-force members, the forees in these members are 
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EQUILIBRIUM OF FORCES 


1.10. Find the forces at points A and B of the landing gear gear shown. 
1.11. Find the forces at points A, , and C of the structure of the braced-wing 


monoplane shown. 
1.12. Find the forces V and M at the cut cross section of the beam, 
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1.3. Truss Structures. <A truss has been defined as a structure whieh 
* ~ i —— aa 

; is coxnposed entirely of tro-force members. In some cases the memben 

; have a single bolt or pin connection at each emd. amd the externa! loads arp 

. applied only at the pin joints. In other cases the members a> Pe 

: : c Ox 


- = . ee 
that suck am anaiyscs > 


because it has been found 
the correct valves for the forces im the menab 


riveted at the ends, bat are assumed te be pimcommected = the ani 
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s. AIRCRAFT 

f Trusces which have only thrve reaction foree co ) 

) contain more members than required, are statically indeterminate inm- 
rernally. ‘Trusses are normally formed of a series of triangular frames. — 
triangles are each formed by adding two members and one joint ‘Th 

number of members m has the following relationship to the number of 


joints 5 
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If a truss has one less member than the number specified by Eq. 14, it 
becomes a linkage or mechanism, with one degree of freedom. A 
linkage is mot capable of resisting loads, and is classified as an unstable 
stracture. [If a truss has one more member than the number specified 
by By. 1.4. it is statically indeterminate internally. 

“Heeach pin joint of a truss is considered as a free body, the two statics 
uations SF, = Qand=F, = Q@maybeapplied. Theequation EM = 0 
sinee all forces act through the pin, and the moments 


Oe a tm 


oF 


All truzses Save 3 maméers and € joints, or m= 27-3. 
Fre. 15. , 


ubout the pin will be zero regurdless-of the magnitudes of the forces. fata 
Thus. for a teass with f joints, there are 2j independent equations of 4. Truss Analysis by Method of Joints. In the analysis of atras: 
states. The equations for the equilibrium of the entire structure are by the method of joints, the two equations of static equilibrium, IF, = 0 

t independent of the equations for the joints, since they can be derived ‘ and =F, = 0, are applied for each jomt as a free body. Two unknown 7 


forces may be obtained for each joint. . Since each member is « two 
quation =F, = 0 for the entire strecture may be obtained by adding force member, it exerts equal and opposite forces om the joimts at its ends at 
sll the equations =F, = 0 for the individual jomta The equations The joints of a truss must be analysed in sequence by startimg at a joint . 
| =e or th re truss may similarly be obtained which has only two members with unknown forces. After finding the 
from the coustions for the joints. Equation 1.4 may therefore be de forces in these two members, an adjacent joint at the end of ome of these 
swed in another manner by equating the aumber of unknown forces members will have only two unknown forces. The joimts are then 
analyzed in the proper sequence untd all joints have been considered. 

In most structures it is necessary to determine the three external 


fnom the equations of equilibriam for the joints. For example, the 
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os 


‘ - se 7 . . ~ mh _ i" some : 
for m members and three reactooms to the number of incgependgent equa- 


It is pecesss y toapply Eq. 1.4 with care. The equation is applicable resctsons from the equations of equilibrium fer the entire structure, = - 
for the porma! truss which comtains a series of triangular frames and has order to have only twe unknown forces at each joist. These three 


equations are used im sddition to the 2j equations at the joints. Since 
there are only 2) unknown forces, three of the equations are net neces 


three exterma! reactions, such as the truss shown m Fig. 1-Me). For 


other trusses if = necessary to determime by imspection that all parts of 


the structure are stable. The truss shown im Fig. 1.56) satisfies Bg. 1.4; sary for finding the unknowns, but should abways be used for checking 
vet the ieft pane! « unstaine le the mght pane! has one morediagonal ; the numerical work. The analysis of a trass by the method of joss 
than is necessary. The truss shown im Fig. 1.S(c) is stable and statically | will be dhastrated by s sumerical example. 


Example. Find the loads in all the members of the truss shown in Pig. 16. 
Se'stem. Draw a foee-body diagram for the extire stracture and for each 
joint, ae shows im Pig. 1.7. Doce af loads m the twodorme messters act song 
the moembers, of = passive to show all forces on s siuetch af the tram as shown @ 
Fig. 1.7, @ the forces are specilied as acting on the joints. Care mast be eed 


determinate, even though ss sot comstrocted entirely of triangular 


1 PEs 
Some trusecs may have more than three external reactions, and fewer 


members than are specified by Eg. 1.4, and be stable and statically 








Fis. 1,7. 


Considering the entire structure as a free body, 
=IMp = 2,000 x 10 + 4,000 X 10 + 1,000 x 30 — 202; = 0. 
R; = 4,500 tb 
ZF, = R: — 4,000 — 1,000 + 4,500 = 0 
R: = 500 Ib 
IF, = 2000-2, =9 
RB, = 2,000 ib 
The directions of unknown forces are assumed, as in the previous example, 
and vectors changed on the sketch when they are found to be negative. Some 
engineers prefer to assume all members in tension, in which case negative signs 
designate compression. Joints must be selected in the proper order, so that 
there are only two unknowns at each joint. 


Joint D- 
ZF, = PF; — 2,000 = 0 
FP; = 2,000 Ib 
LF, = HO-— FF, = 0 
P; = 500 lb 
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DP, = 500 — Fy sin 45° = 0 7 
Py = 707 lb 
EP, = 2,000 + 707 cos 45° — Fs = 0 
F, = 2,500 Ib 


ZF, = F. — 2,000 — 707 cos 45° = 0 
FP, = 2,500 Ib 
DF, = 707 sin 45° — Fy = 0 

F, = 500 lb 
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bow 
ar 
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‘Joint A: 
Joint BE: 


Joint B: 
ZF, = 500 — 4,000 + F,sin 45° = 0 
F, = 4,950 ib 
=F, = 2,500 — 4,950 cos 45° + F; = 0 
F; = 1,000 lb 
Joint C: 
SF, = Fi cos 45° — 1,000 = 0 
Fy = 1,414 lb 
IF, = Fy — 1,Al4sin 45° = 0 
Fs; = 1,000 Ib 
Joint G: 
=F, = 4,950 cos 45° — 2,500 — Fy = 0 
Fu = 1,000 Ib 
Check: ZF, = 4,500 — 4,950 cos 45° — 1,000 = 0 


Joint H: 
Check: =F, = 1,414 sin 45° — 1,000 = 0 
Check: DF, = 1,000 — 1,414 cos 45° = 0 


Arrows acting toward a joint show that a member is in compression, and arrows 
acting away from a joint indicate tension. 


1.5. Truss Analysis by Method of Sections. It is often desirable to 
find the forces in some of the members of a truss without analvring the 
entire truss. The method of joints is usually cumbersome im this case, 
since the forces in all members to the left of any member must be ob- 
tained before finding the force in that particular member. An analysis 
by the method of sections will yield the force in any member by a single 
operation, without the necessity of finding the forces in the other mem- 
bers. Instead of considering the joints as free bodies, a cross section is 
taken through the truss, and the part of the truss on one side of the 
cross section is considered as a free body. The cross section & chosen 
so that it cuts the members for which the forces are desired and so that 
it preferably cuts only three members 
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B the forees in members BC. 2G, and BG of the truss of Fig, 17 axe 
desired, the tree body will be as shown in Pig. 1.5. The three animowns 
ey be found fear the three equations for state equitibrans. ee 


‘Me = WF: — _ x £000 + 2000 x + 508 x =O 


F- = 108 & 

LP, = Fae — £900 + DO = =o 
PF. = 4506 

SF. = Fe + 1.000 — £350 ne 4S” + 2000 — 2000 = ¢ 
F. = 2320 b 


These vaines check those obtained im the analysis by the method of 
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The portion of the truss te -he right of the sertion through the members 
might have been taken a: the free body, as shown im Fig. LG The 
of equilibrnmm ° would be as follows: 


eqiintions | 
IM, = 1000 x WO — OF, = 6 
F- = Lieb 
I, = £5) — 1000 — Fr, SS =O 
Fr. = 43500 & 
=F, = £950 cos 4° — 1900 — Fe = 0 
F, = 250 & 


Ie wonid aise se possible to Gnd the force 7. by taking moments about 
pomt & ‘ume eliminating the necessity of frst Snding the forces F- 

aad Fe 
16 Truss Aasiysis—Graphic Method. In the analywis of trusses 
bw the method « of joints, oxo unknown forces weve obtained fas Se 
equations of equlibraam. + is also possible to ind two unimewn forces 
ca ecn jeint griphically by the use of the force polygon for the joint. 
The joiste must be analysed on the same sequence as used im the method 
anaiysis, it is convenient to use Bow's 


we 


? oo. 


a ae “4 


2 epee O+ are 


an ae aa ; nd 
The external reactions can be determined graphically, bat sinee itis > 


usualy more convenient to use algebraic methods the graphie 

will act be ecomsiriered here. Using the external resections found m@ 
Art. 1.4 a foree polygon for the entive stracture as a free body @ shown 
im Fig, LID) While o& and fe are om the came horizontal and 


be andi de ave on the same vertieal line and will be shown that way : 


‘ature work. they are shown displaced dightiy for purposes of explans- 
non. The notation shown is such that when the letters are read clock- 


wise around the structure of Fig. 1.10, 5, ¢, d. 2 and f. the directions — 


of the forces im the force polygon will be a to b, Ftc, ¢ 

e tof, Tee ie aes oe es 
Joint Dis Sret consiciered as a free body and the known fornes¢f and fr 
drawn to seale. The unimown forces ag and ge are then drawn im the 
prover directions from 2 and ¢, and the 

the intersection g. as shown im Pig. 1.51% Joint A is next analyzed 


by drawing imown forces ga and ob and Gnding 54 and Ag by the mter- 


section athin Fig, Lil(e) Similarity, jomte #, B.C and @ aeeanaipeet 
as shown m Figs. apts, Merrie rt roe 
without considering jomt forre polygon shown 
Fig. 1.11(R). is used for checicing remit, wis thesignnieetisen = = 
A study af the force polygons shows that each force 
peivzons. meee paren | 
to the left on jomt ZB. but points ¢ and g 
in both disgrams. nee 
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members, and separate free-body diagrams for these 
ae in Figs. 1.14(a) and (b), are required. Since each 
of these members has four unknown reactions, the equations of statics 
are not sufficient for finding all four forces. It is possible to find the 
vertical forces Ay = Bu = By = Cy = 100 |b and to obtain the rela- 
tions A, = Be and By = Cz from the equilibrium equations for the 
orizontal members. 
; de forces obtained from the horizontal members are applied to 
the remaining structure as a free body, as shown in Fig. 1.14(c), it is 
apparent that the remaining structure may be analyzed by the same 
methods that were used in the previous truss problems. The loads 
obtained by such an analysis are shown in Fig. 1.14(d). All mem- 
bers except the horizontal members may now be designed as simple 
tension or compression members. The horizontal members must be 
designed for bending moments combined with the compression load of 
. trusses previously analyzed, the members themselves have been 
assumed to be weightless. The effects of the weight of the members may 
be considered by the method used in the preceding example. It will be 
noticed that the correct axial loads in the truss members may be obtained 
if half the weight of the member is applied at each of the panel points at 
the ends of the member. The bending stresses in the member resulting 
from the weight of the member must be computed separately and com- 
bined with the axial stresses in the member. 


EQUILIBRIUM OF FORCES 17 

Many trusses used in aircraft and other structures do not have fric- 
tionless pins at each end. Aircraft trusses are usually made of steel 
tubes with welded ends. While the truss members are not free to rotate. 
at the ends in the same manner as frictionless pin joints, the members 
are flexible in bending when compared with the flexibility of the entire 


200% 8, Bxz  200lb 
Ay c 


/b 42001 100 lb 





Fig. 1.14. 


truss. It is customary and reasonably accurate to assume such trusses 

as pin-ended for analysis. ‘This same assumption is also used for heavy 

bridge and building truss members, although bending stresses resulting 

from truss deflections are occasionally calculated for some bridge mem- 

bers. It can be shown that the ultimate strength of tension members 
can be predicted more accurately when these secondary bending stresses 
are neglected, since the bending stresses are relieved when the material 
yields slightly. Compression members are much stronger when the ends 
are rigidly welded than when the ends are pinned. The centroidal axes 
of ali truss members should meet in one point at a joint. When clearance 
or manufacturing requirements do not permit members to meet at a 
point, the members must be designed for bending stresses produced by 
the eccentric loading. 





voi 
: 1000 Ib 
. Peon, Li. 


1.16. Find the loads in all members graphically and algebraically by the 


method of joints, 

Hint: First obtain the loads in members A and B by the method of sections. 
Tt ix possibile to solve this truss graphically by the use of “phantons” members, 
but it ia usually less confusing to use the method of sections for mesabers 4 and B. 
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loads in all members by graphic methods. The reactions 
algebraically. Show numerical values of all forces on 6 


indicating the directions by arrows 


1.16. Find the 
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| more difficult, but it is often more diffeult to 
“gyauce geometey of the structure. In an analysis of space 






7 
2 





in more than one plane, the 


ctroctures it in desivable to draw several views of the structure, with the 


ZF, =«9 2M, =-9 
zF,=0 2M, -o| (2.1) 
=F, =0 ZM,-9 
three equations represent the summation of force components 
aoe ree nomparalies axes, which may be chosen arbitrarily. The 
second three equations represent the summation of moments about 


three nonparallel axes. Por a free body in 
six unknown forces the equations of 


space, it is possible to find 


ponents necessary for the stability of « space structure. 
The wn of 2 force It in space slong three mutually perpendicu- 
ler axes, x, y, and z, may be obtained from the following equations: 


P, = Resa) 
are eee 
PF, = Rhona 


(22) 


i are the angles between the foree and the 7, y, and z 
ts I here Tig 21. When the three components 
ere known, the resultant may be obtained from the following equation: 


RaVPF P+ Fi (2.4) 
‘Twotoree memivern axe trequenty used in space structures as well as 


in coplanar structures, Theonetiesliy, ven 





members would require end 
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obtained from the equations of staties. If the resultant force or one of 
its components is found, the remaining componente may be obtained 
from the geometric relationships shown in Fig. 2.2: 


g F's 

£5 =B-% a 
where X,Y, and Z are the componente of the bength L along the mutually 
perpendicular reference axes. 

2.2, Moments and Couples. The moment of « foree about « line 
Obtained by projecting the force to # plane perpendicular to the line end 
firiding the moment of the component 
A the foree in that plane. The force 
P, in Fig. 2.4, has componente P;, par- 
allel to the axis of moments, end P;, in 
a plane perpendicular to the axe of 
moments, The moment of the force 
about the line OO ie Pd, since the 
comnponent Ps has no moment about 
the line. Jt will be noticed that « force has no moment shout any line 
that is in the same plane as the force. 

A couple consiete A two equal parallel forces acting in opposite diree- 
tions. 1 is found by taking moments shout any arbitrary point in the 
plane of & couple thet the moment of the couple ie the same about all 
points in the plane. Thus the effect of the couple is not changed by 





Pes. 2.2, 
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moving the couple im the plane. The couples shown in Fig 24 are 
equivalent to each other, since they all have 2 clockwise moment Pd 
any point in the plane. One quantity is therefore sufScient to 
a 


A couple in space may tend to produce rotation about all three 
coordinate axes. The method of obtaining components of « couple & 
similar to that for obtaining components of forces The tro parallel 
forces P, in Fig. 2.5(a), form couple of magnitude Pd. The forces may 
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be resolved into components P, and P, parallel to the yandzaxes. The 
components form couples Pid and Psd about the y and 2 axes which have 
magnitudes Pd cos ¢ and Pd sin 6, respectively. These components are 
seen from Fig. 2.5(b) to be the same 

j as would be obtained by representing 

dou, the couple Pd by a single vector per- 
pendicular to the plane of the couple 
and projecting this vector on axes 
perpendicular to the planes of the de- 
~~» sired component couples. Couples 
yy will be represented by double-arrow 
vectors in order to distinguish them 
from force vectors, and the direction 
£ Pe, £8. of a couple vector will be obtained by 
the left-hand rule; the arrows will be 

in the direction of the left thumb when the fingers are curved in the 
direction of rotation. While the couple shown has no moment about 
the z axis, the method of resolving a couple vector into three compo- 
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M, = M cosa 
M, = M cos 8 (2.5) 
M, = M we7 

Since « couple can be moved to any point in a plane, the couple vector, 


unlike a foree vector, msy be moved laterally to any point. A couple 
vector, like « forse vector, may be moved slong its line of action, since a 
couple may be moved from one plane to any parallel plane. 


2.3. Analyses of Typical Space Structures 

Example 1 Find the loads in the two-foree members OA, OB, and OC of 
the structure shown in Fig. 2.7. ; 

Sadution. Since all forces in the structure act through point 0, the moments 
sbout any axis through point O will be zero regardless of the magnitudes of the 
forces. Consequently only the three equations of statics for the summation 
of forces along the axes are used to find the three unknowns. In Fig. 2.7, the 
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three mutually perpendicular axes are designated as the V, D, and S axes. 
This notation is customary in the analysis of airplane landing gears to represent 
the vertical, drag, and side components of forces. The direction cosines of s 
member are obtained as V/L, D/L, and S/L, where V, D, and 8 represent the 
projected length of the member slong the reference axes and L represents the 
true length of the member. The direction cosines are obtained in Table 2.1. 
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Fra. 2.8. combination of moment and force equa- 


shown in Fig. 2.8. When one component of a force is found from the equa- 
tions of statics, the other components are obtained by Eqs. 2.4. First taking 
moments about axis AB, 
DMae = 4,000 X 30 + 300, = 0 
C, = —4,000 Ib 


=A - & = £ 


c= =n C =~ 5000 Ib 
These forces are now shown in the correct direction on Fig. 2.8. Force B may 
now Ke Saunt Siete pameaeitos of Forces along the D axis: 


ZF, = Bz — 3,000 + 1,000 = 0 
* Be = 2,000 Ib 


2000 _ BB, BF 
2 ~ 40” 930” 539 
B,=400lb B,=3,000lb B= 5,390lb 
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ed im 
Soe 
bm ie a ee nee coe 
Ke Ge Oe 
BP, = 4000 — 4,000 + 4,000 40000 
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Example 2. Find the forces at points A, B, and C for the landing gear of 
Fig. 2.9. Members OB and OC are two-force members. Member OA resists 
bending and torsion, but point A is hinged by a universal joint so that the 
member can carry torsion but no bending in any direction at this point. 


Ay* 4270/8 
OBT = [840 in -ib 





4000 
(9) 
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Solution. First consider the components of the torsional couple at point A. 
The resultant couple vector T, shown in Fig. 2.10(a), must be along the member, 
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ab acs through paints * oe 
Sias = 400 XB — OSC X= 0 
C = 600% 
sorsiomal couple T may de found by taking 
ose drag bed has a moment arm of 4.8 in, as shown in Fig, 2.20(a). 
IMao = 1,00 X48-T=0 
Tr -420 ib 
Q6T = 2,880 intd 


PMos = 28 — 4, = 0 
4,= 72% 


Thc subscripts OS designate an axis throngh point 0 in the sie direction. 


=p, = L000 + 72 — 6.000 X 08 + 05718 = 0 
B= 650 
IF, = 4. — 680 X05 =O 
4, = 3400 
=F, = £000 + 65 OF — 6000 X 08 ~ A. = 0 
4. = 420% | | 
Check EM. = — 1/000 384- 4/000 0.6X90 620 X0.587 K2+ 2.8000 


Esampic 3 Find the forces acting tn oll meecabare of the landing gear shows 
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EM = 3k, — 5000K9=0 


ms R, = 15,000 Ib 
PROBLEMS 
21. Find the forces in the two-foree members AO, BO, and CO of the strac- 


ture shown. 





Puop. 2.1. ° 


2.2. Members AO and BO of this landing-gear stracture are two-foree mem- 
bers. Member CO is attached at C by a joint which transmits torsion but no 
bending. Find the forces acting at all joints. 

2.3, The bending moments about x and + axes in a plane perpendiculss 8 
spanwise axis of a wing are 400,000 in-Ib and 100,000 in-tb as shown. Find the 
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piane but rotated 











which are parallel and perpendicular to the center line of the airplane, Find the 
about axes 2° and y. 

2.5. Find the forces in all members of the structure shown. 

2.6. Omit the front diagonal member of the structure in Prob. 2.5, and add a 
meraber in the bottom plane. Find the forces in all members. 

2.7. Find the forces acting on all members of the nose-wheel structure shown. 


Assume the V axis parallel to the oleo strut. 


eis ope >| 
B pe 


15,000 lb 
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2.8. Analyze the landing-gear structure of Example 3, Art. 2.5, for a 15,000-lb 
load up parallel to the V axis and a 5,000-Ib load aft parallel to the D axts. The 
loads are applied at the same point of the axle as the load in the example problem. 
















ponents of force in a two-force member was shown in Eqs. 2.4. A ten- 
sion coefficient pu is often used and is defined as follows: 


a Ae Ae 
peT =e 7 "F (2.6) 


The terms are identical with those in Eqs. 2.4. The tension coefficient 
was proposed by Prof. R. V. Southwell ' and was applied in the torsional 
analysis of space frameworks by Prof. H. Wagner.* The tension coeffi- 
cients are considered as the unknowns when writing the equations of 
static equilibrium for a structure, instead of considering the force corm- 
ponents as the unknowns. After the tension coefficient is determined 
for any member, the force components can be found from Eqs. 2.6. 

The space frameworks which are commonly used in aircraft structures 
have bulkheads which are in parallel planes. The bulkheads resist loads 
in their planes but are too flexible to resist loads normal to the planes 
of the bulkheads. For the structure shown in Fig. 2.14(a), the bulk- 
heads BCDE and B’C'D’E’ are in parallel planes and are assumed to 
be loaded with equal and opposite torsional couples T in the planes of 
the bulkheads. From a summation of forces along the z axis at joints 
D and B’, the forees in members BB’ and DD’ are found to be zero, 
since the bulkheads cannot resist forces normal to their planes. The re- 
maining members, EE’, E’B, BC’, C’C, CD’, and D’E, called the 
envelope members, have equal components of length X. The envelope 
members are also found to have equal force components F, from a 
summation of forces along the r axis at joints BE, EF’, B, C’, C, and D’. 
The tension coefficients, 1 = F,/X, are therefore equal for all the en- 
velope members. 

The value of the tension coefficient u for the envelope members is now 
obtained from the equilibrium of torsional moments about an axis norma! 
to the bulkheads. The forces in the envelope members must be pro- 
jected to the plane of the bulkhead in order to take moments about an 


axis normal to the bulkheads. In Fig. 
velope members are projected to the plane of bulkhead BCDE, and the 
shaded area is enclosed by these projected lengths. An arbitrary point, 
O, is chosen as the center of moments. Figure 2.14(¢) representa the 


| SPACE 33 
, the lengths of the en- 
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same projected view as Fig. 2.14(c), but the member BC’ is isolated. 
The member BC’ has a projected length d and a force component of ud 
in the plane of the bulkhead. The force component in this member has 
a moment rud, where r is the moment arm shown. Since the area of 
the triangle OBC’ shown in Figs. 2.14(c) or (d) is rd/2, the moment of 
the force in member BC’ about the axis through O may be written as 


mee AT = 2 X (area OBC’) 
The moments of the forces in all the envelope members may be obtained 
in a similar manner. The sum of all the triangular areas will be equal 
to the shaded area shown in Fig. 2.14(c), and the sum of all the torsional 
increments will be equal to the external torque, T. 

T =2 X (area EE’BC’CD’) 
This area, which is always equal to the area enclosed by the projection 
of the envelope members on the plane of a bulkhead, will be designated 
as A. The equation for the tension coefficient may now be written im 
the following form: T 

(2.7) 
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Fig. 2.15. 


4 





fe) 





Solution. From Fig. 2.1506), the shaded ares is 80) sq in. The tension 
coefficient for esch envelope member i 


T 1 
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members. 
Tasce 22 





2 Find the forces is members BE’, BE", BC’, CC’, CD’, aud BD’ 
of the structure shows in Pig. 2.16. Assume rigid bulkheads in planes BCDE 


5 a ee R pars | neat 
Example 1 Find the forces in all members of the re shown in 





at 


loads of 500 Ib. The forces 
then combined with the forces 
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.s indeterminate structures, which will be treated in a later chapter. 
re “Since « statically indeterminate analysis depends on the of 
: various members, it is first necessary to know the areas of all members 
The approximation involved in the torsional analysis of Exampie 2 is 
the assumption that there are no resultant forces perpendicular to the 
plane of bulkhead BCDZ While this assumption was correct for the 
structure of Example 1, it is slightly im error here because the structure 
to the eft of the bulkhead supplies additional restraints. The force 
components along the z axis may not be the same for all envelope mem- 
bers. Another distribetion of forces would exist if the members in 
plane BB'EE” were very flexible and those in plane CC’DD’ extremely 
sf The skle truss im plane CC'DD’ would then transfer all the 
| OO0lb load inte the wail at the left of the structure, with the members 
carrying forces twice as large as those shown in Pig 2.17, and other 
members of the stracture would carry no appreciable load. If the struc- 
ture were supported righlly st poimts B,C. D, and BE, the torsional 
gnalysis would be consicdershily in error, since the loaded truss CC’DD’ 
would carry more of the load directly to the supports. 
In most sireraft structures, the rigidity is such thst torsional forces 





msy be computed separstely and superimposed on the forces resulting light private airplane. 
from sytametnmeal lomdis Riged supports, such as thase shown st the en ae 
ieft of Fig. 2.16{e), seldom exist, and the structure would normally ex- =a = 
temd further to the left Most bulkheads would be free to warp from _— 
their initial plane, and would have oo restraining forces normal to the 

plane of the bulkhead. A statically indetermmate analysis, while com- oo 


paratively simple for the structure with ngxd supports, would be more 
difieoait for the actual aircraft structure, and it is seldom used. Where 
bulicheads are mot free to warp, as in the case of wing bulkheads at the 
center line of the airplane, local corrections are applied to the analysis 
mate by superumpomng bending and torwonal forces 

24. Wing Structeres Most of the carly types of airplane: were 
beplanes, because it was pombe to design an efficient, lightweight wing 
mructare with externa) caecum The wing loading, which is the ratio 
of the grom weight of the airplane to the total wing area, was quite low 
lor the early biplanes in order to permit show landing speeds and to permit 
crumng a! a low engime-power output The wing weight had to be 
small for cach ayaare fort of wing ares because of the bow wing loading 





The air pressure on o wing changes for different fight conditins. 
The resultant presmure is nearer the leading edge st bigh angles af attack 
than at low angles of attack and slso shifts when the ailerons or Gaps 
are deflected! The wing must be rigid torsbonally, eo that it cannot twist 
enough to affect its serodynamic properties when the load shifts The 
simple two-apar, fabriocovered wing with o single drag tras would 
tweet excemsively ¢ uned for a fullcantilever wing. Tn Fig. 2.18%e), the 
deflections (exaggerated) of braced wing in which the front spar deflects 
more than the rear spar ate compared with the deflections of « full- 
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It is desirable to have the ares of the wing cross section enclosed by the re . dian 2 “ ion ae be 
High-performance airplanes have much higher wing loadings than 
light private airplanes. The wing weight per square foot must be much 
for the light airplane. Wings for high-performance airplanes are of the 
semimonocoque, all-metal type. The metal covering on the top and 


oar tae ae a MAaé 
Fig. 2.19, rather than the single a 
Oe — 

. ‘oe fol 13 3s i= : 
epars and the drag trusses as large as possible, since this is the ares A . oo Slee 
greater in order to provide adequate strength. The total wing weight 
bottom surfaces of the wing acts in the same manner as the drag trusses 
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to be used in Eq. 2.7 for « torsional analysis. 
may be about the same percentage of the airplane gross weight as it is 
of the two-spar, fabrio-covered wing. A wing of this type is very rigid 












: hig! ; | | 
of even the metal skin is objectionable, and thick metal skin, or plastic- 
coated metal, is used to prevent wrinkling and to provide a smooth . Eel nk 
serodynamic surface. The structural analysis of semimonocoque wings &72 8 ; 60 | ne : 


is treated in detail in later chapters. a ee i mathe 
. & ies ms 
Example i. Pind the loads on the lift and drag-truss members of the ex- y. - — — 
3 oo 
4 : SS Tee A 

proportion to the distance of the center of pressure from the spars. The load on a: . 
the front spar is therefore 16 th/in., and that on the rear spar 4 Ib/in. If the ‘4 ' 


ternally braced monoplane sing shown in Fig. 2.20. The air load i# assumed to “ 
be uniformly distributed along the span af the wing. The diagonal drag-truss x £5 SF | 

members are wires, with the tension diagonal effective and the other diagonal > & Dm, 8 

front spar ix considered as a free body, as shown in Fig 2.21(c), the vertical a. . 3 a 

forces at A and G may be obtained. ea 





carrying 20 load. Py ; 
Solution. The vertical load of 20 Ib/in. is distributed to the spars in inverse \. 
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aft of the spar ean be replaced by 4 
eave 4,000-1b load in the plane of the spar 
and a 86,000 indb couple, The forces 
in the spar trass members resulting 
from the 4,000-Ib load in the plane of 
the spar are shown in Mig. 2.24(a) anil 
are tabulated in column (2) of Table 
> Fea, 34. 2.4, as the forces in tho members re- 
EY. Bhs, sulting from bending of the spar. 
The eavelope members of the torsion structure are shown in Fig, 2.2500) a8 
gmeubore Ad's Cola, Bay and Bes, The tension coefficients for these mein- 

36,000 
“3x a0 100 thy in, 
© wad BAC, ha » a length of 89.3 in. and forces of 39.9 X 100 = 
Mosiber Asi, has a length of 18 ia. and 4 forve of 1,800 Ib, The 
i ; BB, bs 1,500 Ib, and the directions of alt forces are shown in 
‘These fores are tabulated in column (8) of Table 2.5 as forces 
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+7210 
12,000 
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~ 6,000 
~ 7,210 
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+7210 
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resulting from torsion, The resultant forces inn 
bending and torsion are tabulated in column (4). 


bers Cc, Cw» and Cs fora vertival landing, 
chordwise bending fron drag loads. 
Care must be exercised in Gnding the load in member AB, Tn this case, a 
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the members from combined 
There are no forces Mi Arete 
but these members would resiat 
















ration « i al but the 
er ‘be loaded if the torque varied along the span, or if there were 
PROBLEMS 


“2 Sve ample 1 Art 23, by «mmo fo along eh ig 
the tension coefficients for the three members as the unknowns, It 
je inot Assemary. to find the direction cosines, aa the force componente will be the 


product of the tension coefficients and the length components. After finding 


the tension coefficients the forces are found as the product of the coefficients and 


the lengths of the members, 


2.10. Analyze the structure of Example 1, Art. 2.5, assuming the vertical 
Joad of 20 Ib/in, to act midway between the spars and the drag load of 5 Ib/in. 
to act in the aft direction. 
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9.11. Analyze the braced-wing monoplane structure shown, 
2.12. Find the loads in the fuselage truss structure shown by analysing the 
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the forces resulting from torsion about the center line. Tabulate 


the forces in the manner shown in Table 2.5. 
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CHAPTER 3 
INERTIA FORCES AND LOAD FACTORS 


3.1. Pure Translation. The maximum load on any part of the air- 
plane structure occurs when the airplane is being accelerated. The loads 
produced by landing impact or when maneuvering or encountering gusts 
in flight are always greater than the loads occurring when all the forces 
on the airplane are in equilibrium. Before any member can be designed, 
it is therefore necessary to determine the inertia forces acting on the 
structure. If the inertia forces are included, it is possible to draw a free- 
body diagram for any member showing the forces in equilibrium. 

In many of the loading conditions, the airplane may be considered as 
being in pure translation, since the rotational velocities and accelerations 
aresmall. The inertia force on any 
element of mass is equal to the 
product of the mass and the accelera- 
tion and acts in a direction opposite 
to the acceleration. If the applied 
loads and inertia forces act on an 
element as a free body, these forces 
are in equilibrium. Ifa force F acts 
a on a block on a frictionless plane, as 

shown in Fig. 3.1, the block will be 
accelerated in the direction of the force. The inertia force Ma, shown 
by the dotted vector, acts in the opposite direction and is equal to the 


accelerating force. 
F = Ma (3.1) 


In engineering problems, the common unit of mass is the slug. The 
mass in slugs is obtained by dividing the weight in pounds by the 
acceleration of gravity g in feet per second per second. 

W lIb-sec? (3.2) 


a. = 











If g is 32.2 ft/sec?, the value normally used, a body having a mass of 
1 slug will have a weight of 32.2 Ib. In many problems the inertia 
force Ma can be found as a force in pounds by the equations of static 


equilibrium, without first finding the mass and the acceleration. 
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The airplane shown in Fig. 3.2 is moving forward after landing, and 
has a braking force F applied to the right. ‘he acceleration is to the 
right, and the inertia force on each element of mass is to the left, or op- 
posite to the direction of acceleration. The sum of the inertia forces 
on all elements will be the prod- 
uct of the total mass of the air- 
plane and the acceleration, or Ma. 
Since the inertia forces are dis- 
tributed in proportion to the mass 
dM of each element, the resultant 
force will act at the center of 
gravity of the airplane, as shown 
in Fig. 3.2. If some part of the 
airplane is considered as a free body, it is necessary to obtain the inertia 
force acting on that part. The inertia force on any part will be the 
product of its mass and the acceleration and will act at the center of 
gravity of that part of the structure. 

While the motion of the airplane is not within the scope of a book on 
aircraft structures, it is occasionally necessary to consider the motion 
in order to estimate the duration or the magnitude of loads. The 
velocity v is defined as the time rate of change of the displacement s. 

ds 


v= (3.3) 





The acceleration a is the time rate of change of the velocity, 


_ 


A combination of Eqs. 3.3 and 3.4 gives other forms for the acceleration: 


sae ; 
de (3.5) 

nee 
” de (3.6) 


For a motion of pure translation of a rigid body. all elements of the body 
must have the same displacement, velocity, and acceleration. If the 
acceleration is constant, the following equations are obtained by in- 
tegrating Eqs. 3.4 to 3.6: 


1 =e (3.7) 
8 = ool + oak (3.8) 
 — % = 2as (3.9) 





at A ~- 
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where. jim Bietance moved in time 4m, the velo ! 
- the final velocity after ¢ see. inl vloity, andi 


ia cone 1. Assume that the airplane shown in 3.3 weighs | 
and that the braking force F is 8,000 Ib. a ae 
 q, Find the wheel reactions 2, and Ry. 

é b, Find the landing run if the airplane lands at 100 mph (148.7 ft/sec). 


22000 lb 





Solution. a, =F. = 8,000 —~ Ma=0 


Ma = 8,000 Ib 
Mr, = 120K; — 8,000 X 50 — 20,000 x 20 = 0 
R, = 6,670 |b 
=F, = 6,670 — 20,000 + R; = 0 
Rs = 13,330 lb 


b, From Eqs. 3.1 and 3.2, 
Sas ee . fy = 8,000 X 92.2 _ _ 19.88 fh/ees 


M W 20,000 
Eg. 3.9, 
ane v — uf = 2as 
0 — (146.7)? = 2(—12.88)s 
s = 835 ft 


When # is measured as positive to the left, its necessary to consider a as negative, 
since it is an acceleration to the right. 


eee 





| Fra. 3.4. 


Example 2. When landing on a carrier, a 10,000-Ib airplane is given a 
atten of 3g (96.6 ft/sec") by means of a cable engaged by an arresting 
hook, aa shown in Fig. 3.4. 








b. Find the tension in the fuselage at vert , 
tort thane owe etn 4 eg 300 an te 
“Resign needa 

é run “on 4 

—: First considering the entire : a res fey: 


wooo a ve i 


= T cos 10° — — a 4 a 

pn 30,500 Ib a Se 

=F, = R — 10,000 — — 30,500 sin 10° = 0 oe ieee 

R = 15,300 Ib ae 

2M = 20 X 15,300 — 30,500e = 0 re 
e= 10 in. 





b. Considering dis is iakind we ibe Ruan kas Wk lias Mee 
Fig. 3.5, it is acted upon by an inertia force of 


Ma = HOM X 39 = 3,000 Ib 


The tension on section BB is found as follows: 
=F, = 30,000 — 3,000 — T, = 0 
T; = 27,000 Ib 
Since there is no vertical acceleration, there is no vertical inertia force, See. 


tion BB has a shear force V, of 6,300 Ib, which is equal to the sum of the weight 
and the vertical component of the cable 


A 
force. 

Considering the portion of the airplane He * £000 
forward of section AA as a free body, as "2000/6 | 2* 3000 
shown in Fig. 3.6, the inertia force is 

Ma = a X 3g = 9,000 Ib A 
=F, = T, — 9,000 = 0 L000 
T; = 9,000 Ib Fria. 3.6, 


The section AA must also resist a shearing force V, of 3,000 tb and a 
moment obtained by tiking moments of the forces shown in Fig. 3.6, 











AIRCRAFT STRUCTURES 
“the forces T,, Ts, Vs and Vs may be checked by considering the equilibrium 





a 
, 


| off the center portion of the airplane, as shown in Fig. 3.7. 
6,000 Ib 
7, #27000 lb 
Y,+6.500/b 





Ma = 800 x 39 = 18,000 Ib 


=F. = 27,000 — 18,000 — 9,000 = 0 
SF, = 15,300 — 3,000 — 6,000 — 6,300 = 0 


c. The landing run s is obtained from Eq. 3.9. 


ve — v2 = 2as 
0 — (80)? = 2(—96.6)s 
s = 33 ft 


Example 3. A 30,000-Ib airplane is shown in Fig. 3.8(a) at the time of land- 
ing impact, when the ground reaction on each main wheel is 45,000 Ib. 

a, If one wheel and tire weighs 500 lb, find the compression C and bending 
moment m in the oleo strut, if the strut is vertical and is 6 in. from the center 
line of the wheel, as shown in Fig. 3.8(0). 

b. Find the shear and bending moment at section AA of the wing, if the wing 
outboard of this section weighs 1,500 lb and has its center of gravity 120 in. 
outboard of section AA. 

c. Find the required shock strut deflection if the airplane strikes the ground 
with a vertical velocity of 12 ft/sec and has a constant vertical deceleration until 
the vertical velocity is zero. This neglects the energy absorbed by the tire 
deflection, which may be large in some cases. 

d. Find the time required for the vertical velocity to become zero. 

Solution. a. Considering the entire airplane as a free body and taking a 
summation of vertical forces, 

=F, = 45,000 + 45,000 — 30,000 — Ma = 0 
Ma = 60,000 Ib 
2 = 92,000 _ 90,0009 _ » 
M 30,000 
Considering the landing gear as a free body, as shown in Fig. 3.8(6), the inertia 


force is 





Mia = a = 20 X 2g = 1,000 Ib 
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The compression load C in the oleo strut is found from @ summation of vertical 
7 SF, = 45,000 — 500 — 1,000-C = 0 
C = 43,500 lb 


The bending moment m is found as follows: 
m = 45,000 X 6 — 1,000 x 6 — 500 X 6 = 261,000 in-lb 


Ma = 60,000 Ib 





45,000 Ib 45,000 /b 


« 1M, a * 5000 ib 


(a) 999 
s “ c 129 ’ 
i A W =1500% 
” ¥. 
M, a* m 
jo00lb | | we 
Y A fc) 
W, =500lb | 
45,000 /b 
(6) 
Fie. 3.8. 


b. The inertia force acting on the portion of the wing shown in Fig. 3.8(c) is 


Ma = Pa = SE x 2g = 3,000 Ib 


The wing shear at section AA is found from a summation of vertical forces. 


=F, = V — 3,000 — 1,500 = 0 
V = 4,500 lb 
The wing bending moment is found by taking moments about section A.A. 
my, = 3,000 X 120 + 1,500 X 120 = 540,000 in-lb 

Ce The shock strut deflection is found by assuming a constant vertical accel- 
eration of —2g, or —64.4 ft/sec’, from an initial vertical velocity of 12 ft/sec to 
a final zero vertical velocity. 

e — o = Jas 
0 — (12) = 2(—64.4)2 
s= 1.12 ft 










and less disagreeable to the passengers than a sus- 


ner 3.9 is 
sad with an upward acceleration; a, of 3.5p end “a en eee 
‘the wheel reactions 4 and B, assuming them to be parallel. 


Solution. The vertical inertia force is found from the vertical acceleration. 
Ata, = $20 3.59 — 28,000 Ib 


This foree acts in a direction opposite to the acceleration, or downward. The 

horizontal inertia force is found in « similar manner, and acts forward at the 
of ity. 

center of gravity Ma, = SO x 1.59 = 12,000 tb 


The total vertical force at the center of gravity is the sum of the inertia force 
and the weight, or 36,000 ll). The horizontal force of 12,000 Ib is one-third of 
this vertical force, so the resultant of these forces acts at an angle with the verti- 
cal which ie tan™* 34. The wheel reactions must both be parallel to this result- 
ant, and the following relations are obtained: 
A, ~ 4A, 
B, = 348, 
The forces may now be found from the equations of statica: 
IMs, ~ 92A, — 12,000 X B® — 346,000 X 12 = 0 
A, = 3,000 lb 
IF, =~ 5,000 — 36,000 + B, = 0 
&, = 77 Aw 


g shock occurs for such s short interval of time, it may be 









b. ml 
sections AA and BB if the portion of the airplane forward of section 
3,500 Ib and the portion aft of section BB weighs 2,000 Ib. Cheek 
by wunlihising ke pork of tha sedges heliocun tay Gh 
c. If the flying speed is 80 mph, win dota elo te spa to 
gain this speed? How much time is 
2H ox siplann with ten deans wail So Bch. SY Sui See: 
ST nae dank eee 
nosing over 
3.3. An airplane weighing 5,000 Ib strikes an upward gust of air which 
a wing lift of 25,000 Ib. What tail load P is required to prevent pitching 


25, 000 & 








Peoe. 3.5. 


eration, if the dimensions are as shown? What will be the vertical 
of the airplane? If thie lift force acts until the airplane obtains 
velocity of 20 ft/sec, how much time is required? 














of 12 Rowe? «What & the vertics! compression of the landing gear during this 
deceleration? What & the shear and bendmg moment on a vertical section AA, 
# the wright forward of this section is 2,000 Ib and has « center of gravity 40 in. 
from ths cross sectzon’ 


necemary to consider the inertia forees acting an a rigid body which has 
other type: of motion. In many cases where the elements of a rigid 
body are moving in curved paths they are moving im much a way that 
eact element moves m only ome plane, and al] elements move in paralle! 
planes. This type of motion is called plane motion, and occurs, for 
example, when an airplane = pitching and yet has no rolling or yawing 
motion. All elements of the airplane move in plance parallel to the 
plane of symmetry Any type of plane motion can be considered as 5 
rotation about some imstamtaneous axis perpendicular to the planes of 
motion, and the following equations for imertia forces are derived on the 
ausumplics that the ngad bedy = rotating about an imetantaneous aa 
perpendicular to » plane of symmetry of the bady. The inertia forces 
obtained may be used for the pitching motion of an sirplane, but when 
used for roiling or yewing motsons i is necemary first to ottam the prin- 
opel axes and momenta of inerus of the urplane 

A ngod body im plane motion must have the same angular velocity a! 
all paints. This angular velocity « ie defined as the time rate of change 
of the angle ¢ measured between a reference line an the bady and a fared 


reference axa o-% ies i 





te; Te eee ng ae. 
a ed aon 



















on . 
* 7 ap eS 1 a é saa - eta mre. en . " oe 
in Eqs 3.7 to 3.9 are obtained: | , oe 
= at } Met & 
#-ai - i 4) 


where @ is the angie of rotation in tamet, op is the initial angular wchorsty, 
and » is the angular velocity after ¢ see. 





Fm ie 


The rigid mass shown in Pig. 3.10 is rotating sheet point ( with « 
constant angular velocity « The sceelerstee of amy pount « detance + 
from the center of rotataan a «©, and is directed toward the ompter oi 
rotation The inertia force acting am ap element of mame €M & the 
product of the mate and the sconlersteam, ar oy (Vand te directed away 
from the axis of rotation. This imertia force has components o> dW 
parallel to the z axis and oy @M parallel to the » axie «=f the 7 axk is 
chowen through the center of gravity C, the forces are simplified «The 
resultant mertia force mm Use » durectsas for the emture bady w found os 


oe ¥, = foyaw ~ ofyae 0 


The angular velocity © is constant for alt chements of the hady. and the 
integral is sero beosuse the 2 axis was chosen through the center of 
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AIRCRAFT STRUCTURES 
of slug-ft*, or since the slug has units of Ib-sec?/ft, the moment of inertia 
is in units of Ib-sec*-ft. 


r oo eet 


The value of the acceleration of gravity 9 is used as 32.2 ft/sec’. The 
angular acceleration a has units of radians per second per second, or 
since radians are dimensionless, has the dimension sec~*. The couple 


Ta is in units of foot-pounds. 

All drawings of airplanes are dimensioned in units of inches, regardless 
of the size of the airplane. Most calculations for weight and balance, 
and for structures, are made using units of inches. The acceleration of 
gravity g is 32.2 X 12 = 386 in./sec*, Itis convenient to calculate the 
moment of inertia of an airplane by multiplying the weight of each 
element by the square of the distance in inches and dividing by g = 


386 in./sec*. 





te 
[= nd —_—- es Ib-sec*-in. 
qg in./sec* 


ouple Ja will then be in units of inch-pounds. 


Example 1. A 60,000-Ib airplane with a tricycle landing gear makes 4 
hard two-wheel landing in soft ground, so that the vertical ground reaction is 
270,000 lb and the horizontal ground reaction is 90,000 lb. The moment of 
inertia about the center of gravity is 5,000,000 Ib-sec?-in., and the dimensions 


are shown in Fig, 3.14. 


The inertia ¢ 





Fig. 3.14. 


a. Find the inertia forces on the airplane. 

». Find the inertia forces on a 400-1b gun turre 
of the center of gravity. Neglect the moment 0 
own center of gravity. 

c. If the nose wheel is 40 in. from t 
ground, find the angular velocity of the ai 


change in the moment arms. The airplane center of g 





t in the tail, which is 500 in. aft 
f inertia of the turret about its 


he ground when the main wheels touch the 
rplane and the vertical velocity of the 


nose wheel when the nose wheel reaches the ground, assuming no appreciable 
ravity has a vertical 















of the center of gravity. 





mass of Fig. 3.12, since the forces at 

of the mass and the acceleration components 
=F. = 90,000 — Ma, = 0 
Ma, = 90,000 Ib 
=F, = 270,000 — 60,000 — Ma, = 0 


Ma, = 210,000 Ib 
SM, =—270,000 X 40 — 90,000 x 100 + La = 0 


Lx = 19,800,000 in-Ib 
90,000 _ 90,000 , 

on = te = 60,0009 = 
_ 210,000 _ 210,000 , _ 

ay = Se = 0,000 2 = 2° 





£ Tae _ 19,800,000 _ 
Sar 5,000,000 3.96 rad/sec* 
5. The acceleration of the center of gravity of the airplane is now known, and 
he turret can be obtained by the method 


the acceleration and inertia forces for t 
shown in Fig. 3.13, where the center of gravity of the airplane corresponds to 
, 


ay* 55g 


Ma, 60016 ~.; \ L-at0 





-—_ . 


a, © 159 4 
0 Es —S— — ew 27 M«O 





! 
Y May */400/b 
| 


| 
Wa ¥M*Z05016 
Fro. 3.15. 


point O of Fig. 3.13 and the center of gravity of the turret corresponds to point C. 
These forces are shown in Fig. 3.15, and have the following values: 


Ma, = 2 x 1.59 = 600 tb 
May = 3° x 3.59 = 1,400 Ib 


x * 386 ,050 Ib 
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ner > Las Tn 
Ia = 180,000 X 6 = 1,080,000 in-Ib “a <7 
: Example 2. An airplane weighing The tail load P; and the inertia foree st the center of gravity are shown in — 
\ 8,000 Ib is flying st 250 mph in a Fig. 3.19 and are found as follows: 
| ; DM._ = 1,080,000 — 67,200 x 10 — 210P; = 0 ; 
‘ P, = 1,940 Ib ~*~ 
: ZF, = 67,200 + 1,940 — 8,000 — Ma, = 0 4 
Ma, = 61,140 Ib a 
Z ‘ 61,140 a. 61,140 = = ; aq 
' 
pans ¥ re* = 56,000 % 
Frc. 3.37. 


Fic. 3.38. 
vertical cirele with a radius of 595 ft, as shown in Fig. 3.17. 


Find the lift Z on 
the wing and the load P on the tail at the time the airplane is moving horizon- 
tally, if the dimensions are as shown in Fig. 3.18. 





a 
“4 
: \ 7-aane ' 
sei aise court ’ 
Solution. If the airplane is moving at a constant velocity slong a circular { May =6LMO Nb 
path, the angular acceleration is zero, and the only inertia force is the centrifugal | 
force which is found as follows: Fre. 3.19. Fic. 3.20. 
cosee mee The forces acting on the engine, shown in Fig. 3.20, consist of the weight of 
w = = = =, = 0.615 rad/see 1,000 Ib down, the inertia force Ma, down, and the inertia force Mra up. 
Marr = 8200 (0,615) x 505 = 56,000 Ib Ma, = “2% x 7.689 = 7,850 Ib 
This inertia force acts down at the center of gravity of the airplane and must be 
added to the weight of the airplane. The propeller thrust is assumed to be equal 


Mra = 12% x 50 x6 = 777 Ib | 
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rw, ada, 


horieontal componente of the Inertia and gravity forces are sero, 
the inertia forge on the airplane act down and will be 
‘The airplane Wt L te the reeultant of the wing and 


eS 
lift forews, ‘The toad favtor ie defined as follows: 
Lad faotor = ai 
n= tp (8.21) 


‘This value for the load factor oan be shown to be the aame av that given 
by Ey, 20 by equating the lift al to the eum of the weight and inertia 


LenW = W + ws 


ut 
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which corresponds to Bq. 3.20, 












horizontal inertia force equal to the product of (te mass and 
nceoloration, It is also convenient to consider the 

loads aw equal to the product of a load factor a, and the weighte. Tits 
horizontal load factor, often called the Jonad factor, is obtained 
from the equilibrium of the horigontal forces shown in Pig S24 


nW = w= TD 


or 
aw TP ‘ 
7 a (3.22) 





A more general case of translational ace shown 
Fig. 3.25, in which the airplane thrust cae eee It 7 
usually convenient to obtain components of forces along » and pe 
which are parallel and perpendicular to the airplane thrust tine. 
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combined weight and inertia loud on any element h 


| , 48 & component along 
the z axis of the following magnitude; 


a 
nw = w con é + w- 


: a 
nlc fm (3.23) 
From a summation of all forces along the z axis, 
L= W(cos 0 +- es) (3,24) 
By combining Eqs, 3.23 and 3,24, 
L -= Wn ‘ 
e ay 
"WW 


which corresponds with the value used in Eq. 3.21 for a level attitude of 
the airplane. 

The thrust load factor for the condition shown in Fig. 3.25 is also 
similar to that obtained for the airplane in level attitude. Since the 
thrust and drag forces must be in equilibrium with the components of 
weight and inertia forces along the z axis, the thrust load factor is 
obtained as follows: 

n,W = U o-Wsnde T<-D 


‘7 
’ 


or 


This value is the same as that obtained in Eq. 3.22 for a level attitude of 
the airplane. 

In the ease of the airplane landing as shown in Fig. 3.26, the landing 
load factor is defined as the vertical ground reaetion divided by the 
airplane weight The load factor in the horizontal direction Is similarly 
defined as the horizontal ground reaction divided by the airplane weight. 


na (3.25) 
.o (3,26) 


In the airplane analysis it is necessary to obtain the components of 
the load factor along axes parallel and perpendicular to the propeller 
thrust line. Aerodynamic forces, however, are usually first obtained as 
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INERTIA FORCES AND LOAD FacToRS: 
lift and drag forces rpendicular and parallel il to the y direc 
If load factors are first chtalned kote lift and ‘axes, they x 
resolved into components along other axes, in the same mann 
forces are resolved into components, ; — 
The force acting on any weight w is 
wn, and the component of this force 
along any axis at an angle # to the — 
force is wn cos 8, The component 
of the load factor is then n cos 6. 

As a general definition, the load 
factor ny along any axis @ is such that 
the product of the load factor and 
the weight of an element is equal 
to the sum of the componente of the <a gee 
weight and inertia forces along that axis, The weight and inertia 
forces are always in equilibrium with the external forces acting on the 
airplane, and the sum of the components of the weight and inertia forces: 
along any axis must be equal and opposite to the sum of the components 
of the external forces along the axis ZF; ‘The load factor is therefore 


defined as follows: 








ny SE (3.27) 


where ZF; includes all forces except weight and inertia forces, 

In many airplane loading conditions, only translational acceleration is 
considered even though the airplane has some rotational motion, Tn 
Ixample 2, Art, 3,2, for example, the airplane has a rotational velocity 
during the pull-out from a dive, The inertia forces all act through the 
center of curvature of the flight path, although they are as#umed to be 
parallel for various elements of the airplane, It is obvious that the 
inertia force for a mags near the nose of the airplane has a forward com- 
ponent, and the inertia force for a mass near the tail has an aft com- 
ponent, Since the radius of the flight path circle is large compared with 
the length of the airplane, these components are negligible. | 

The maximum loads which an airplane may be expected to encounter 
ut any time in service are designated as limit loads or applied loads, 
The load factors associated with these loads are known as limit load 
factors, or applied load factors, For loads which are under the control 
of the pilot, flight restrictions are used so that the limit load factor ix 
never exceeded, All parts of the airplane are designed so that they are 
not stressed beyond the yield point at the limit load factor, Tt ts also 
necessary to use a safety factor in the structural design of airplanes. 
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cases a safety factor of 1.5 based on the ultimate strength of the 

used, although higher factors are used for castings, fittings, 
and joints. The load factor obtained by multiplying the applied or 
limit load factor by the factor of safety is known as the design load 
factor, or ultimate load factor. The airplane structure must carry the 
ultimate or design loads without collapsing, even though the members 
may acquire permanent deformation under these loads. 

The load factors for which airplanes must be designed are discussed 
in detail in a later chapter. The load factors are usually specified by 
the purchaser, or by the government licensing agency. The load factors 
depend on the purpose for which the airplane is intended and on the 
aerodynamic characteristics of the airplane. Military airplanes such 
as fighters or dive bombers are designed so that the airplane is strong 
enough to withstand any load factor that the pilot can withstand. 
Experience has shown that some pilots can withstand load factors of 
7 or 8 before losing consciousness or “blacking out”; therefore a fighter 
or dive-bomber airplane would be designed for a limit or applied load 
factor of about 8, or a design or ultimate load factor of about 12. Large 
transport airplanes are never intentionally maneuvered to exceed a load 
factor much greater than 1. The greatest flight loads encountered by 
such airplanes occur as a result of air “gusts,” or ascending air currents. 
The gust load factors depend on the gust velocity, the airplane velocity, 

and the airplane wing loading. Other types of airplanes are designed 
for load factors between those for the large transports and those for the 


In most 
members is 


fighters. 
Landing load factors also depend on the function of the airplane. 


Large transport airplanes are expected to be landed on paved runways 
by experienced pilots, and need not be designed for large landing load 
factors. Training airplanes which may be operated from rough fields 
by inexperienced pilots must be designed for rather large landing load 
factors. The required load factor for any airplane is specified on the 
basis of the type of airplane, the airplane weight, and the wing loading. 

3.4. Load Factors for Angular Acceleration. In the design of private 
or commercial airplanes it is seldom necessary to make an extensive 
analysis of the inertia forces resulting from rotational accelerations, 
since the loads in these conditions will determine the design for only a 
very few of the structural members, and conservative approximations 
do not result in excessive structural weight. In most of the loading 
conditions for military airplanes the angular accelerations are also 
neglected. In the design of Navy airplanes, which are often subjected 
to unusual loading conditions such as catapulting, arrested landings, 
barrier crashes, or seaplane landings, it is necessary to calculate the 


consider various conditions of angular acc lera a 


In the two-wheel landing analyzed in rt. 3.2, the an ing 
4.5; yet the total load Sy ions 4 


load factor for the airplane was 

400-Ib turret was 3,850 Ib. Of this load, 1,800 Ib results ‘1 

and the translational acceleration, and 2,050 Ib results from the angular 
It is obviously very important that the 


acceleration of the airplane. ly \ tl 
angular acceleration be considered when designing the supporting struc- 


ture for the turre en 
structure would be designed from this loading condition. The aero- 


dynamic loads on the tail surfaces during various flight conditions will 
be much larger than the inertia loads during landing, and consequently 
most of the empennage and fuselage structure will be designed for the 
flight condition. For airplanes with the tail-wheel type of landing gear, 


the angular acceleration during 
landing is much smaller than 
that computed for the airplane 
with the nose-wheel type of 
landing gear. 

The vertical force F acting on 
an element of weight w when Fie. 3.27. 


the airplane has a pitching ac- 
celeration a consists of one force equal to the airplane load factor times 


the weight and of another force proportional to the distance of the 
element from the center of gravity, as shown in Fig. 3.27. 


F = nw — ro (3,28) 


a 
a 





The distance z’ is measured from the center of gravity and must be 
multiplied by the weight. In the weight and balance calculations for 
the airplane, the terms wz are calculated for all items of weight, where z 
is measured from some reference plane « distance Z forward of the 
center of gravity. From Fig. 3.27, 
r’=2r-F 

substituting this value of zx’ in Eq. 3.28, 

F = nw - o tele — z) | 

a” (3.29) 

F = n'w — - wr 
where 

- az 


n=nr2+-— 
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t, but it is doubtful that much of the remaining airplane 
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In most cases a safety factor of 1.5 based on the ultimate strength of the 
members is used, although higher factors are used for castings, fittings, 
and joints. The load factor obtained by multiplying the applied or 
limit load factor by the factor of safety is known as the design load 
factor, or ultimate load factor. The airplane structure must carry the 
ultimate or design loads without collapsing, even though the members 
may acquire permanent deformation under these loads, 

The load factors for which airplanes must be designed are discussed 

in detail in a later chapter. The load factors are usually specified by 
the purchaser, or by the government licensing agency. The load factors 
depend on the purpose for which the airplane is intended and on the 
aerodynamic characteristics of the airplane. Military airplanes such 
as fighters or dive bombers are designed so that the airplane is strong 
enough to withstand any load factor that the pilot can withstand. 
éxperience has shown that some pilots can withstand load factors of 
? or 8 before losing consciousness or “ blacking out’’; therefore a fighter 
or dive-bomber airplane would be designed for a limit or applied load 
factor of about 8, or a design or ultimate load factor of about 12, Large 
transport airplanes are never intentionally maneuvered to exceed a load 
factor much greater than 1, The greatest flight loads encountered by 
such airplanes oceur as a result of air “gusts,” or ascending air currents. 
The gust load factors depend on the gust velocity, the airplane velocity, 
and the airplane wing loading. Other types of airplanes are designed 
for load factors betaveen those for the large transports and those for the 
fighters. 

Landing load factors also depend on the fune 
Large transport airplanes are expected to be landed on paved runways 
by experienced pilots, and need not be designed for large landing load 
factors. ‘Training airplanes which may be operated from rough fields 
by inexperienced pilots must be designed for rather large landing load 
factors. The required load factor for any airplane is specified on the 
basis of the type of airplane, the airplane weight, and the wing loading. 

3.4. Load Factors for Angular Acceleration. In the design of private 
or commercial airplanes it is seldom necessary to make an extensive 
analysis of the inertia forces resulting from rotational accelerations, 
since the loads in these conditions will determine the design for only a 
very few of the structural members, and conservative approximations 
do not result in excessive structural weight, In most of the loading 
conditions for military airplanes the angular accelerations are also 
neglected. In the design of Navy airplanes, which are often subjected 
to unusual loading conditions such as catapulting, arrested landings, 

barrier crashes, or seaplane landings, it is necessary to calculate the 
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moment of inertia of the airplane with " 






consider various conditions of ar acceleration, 
In the two-wheel landing snag, i , Art. 3.2, the landing 
load factor for the airplane was 4.5; yet the total load Sawn OB Sie 
400-Ib turret was 3,850 Ib. Of this load, 1,800 Ib results from th : veig es 
and the translational acceleration, and 2,050 Ib results from the angular 


acceleration of the airplane, It is obviously very nt that the ra 
angular acceleration be considered when designing the supporting struc- ¥ 
but it is doubtful that much of the remaining airplane 


ture for the turret, | 
structure would be designed from this loading condition. The aero- 


dynamic loads on the tail surfaces during various flight conditions will 
be much larger than the inertia loads during landing, and 
most of the empennage and fuselage structure will be designed for the 
flight condition. For airplanes with the tail-wheel type of landing gear, 
the angular acceleration during 
landing is much smaller than 
that computed for the airplane 
with the nose-wheel type of 
landing gear. 

The vertical force F acting on 
an element of weight w when Pie. 3.27. 


the airplane has a pitching ac- 
celeration « consists of one force equal to the airplane load factor times 


the weight and of another force proportional to the distance of the 
element from the center of gravity, as shown in Fig. 3.27. 


P= nw = <2! 
raenw- 2 
rhe (3.28) 





The distance x’ is measured from the center of gravity and must be 
multiplied by the weight. In the weight and balance calculations for 
the airplane, the terms we are calculated for all items of weight, where x 
is measured from some reference plane « distance 2 forward of the 
center of gravity. From Fig. 3.27, 

x ewr-—fi 


substituting this value of 2’ in Eq. 3.28, 
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3.7. An airplane is making a horizontal turn With a radius of 1,000 ft, and with 










no change in altitude, ind the angle of bank and the load factor Sees Ths 

of (a) 200 mph, (6) 300 mph, and (¢) 400 mph. Find the loads on the wine’end fore co a hey 

tail if the dimensions of the airplane are shown in Fig, 3.18 which must be eq 

$8 The airplane shown is making an arrested landing on a carrier deck. of the weights w, | 
Find the load factors and x, perpendicular and parallel to the deck, for a point of the body. If wd Sf oe 
at the conter of gravity, a point 200 in. aft of the center of gravity, and a point gravity act parallel to the 2 axis, 4 Pe an * 
#000 | as shown in Fig. 4.1, the moments of all forces en the | a 

maust equal to the moment of the resultant. ae 


We = 20+ zan++.- = tee or fee 
W9 = y+ yer ts<+ = Bye or fy” 





100 in. forward of the center of gravity. Find the relative vertical velocity with 
which the nose wheel strikes the deck if the vertical velocity of the center of 
gravity is 12 ft/sec and the angular velocity is 0.5 rad/see counterclockwise for 
the position shown. The radius of gyration for the mass of the airplane about 
the center of gravity is 60 in. Assume no change in the dimensions or leads 
shown, 
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The last term in Eq. 3.29 is easily evaluated by multiplying the tabu- 
jated values of wa by the ratio a/g. The load factor n’ represents the 
load factor for an element of weight located at the reference plane. 


PROBLEMS 


3.5. Repeat Example 1, Art. 3.2, assuming that the airplane lands on a hard 
runway and that there is no horizontal ground reaction on the wheels. Find 
the landing load factor for a point at the center of gravity and also for a point a 
distance z from the center of gravity. 

3.6. Assume the airplane of Example 1, Art. 3.2, to land in such a way that 
the nose wheel strikes the runway when the main wheels are 12 in. above the 

way. The reaction on the nose wheel is vertical and has a constant value of 
$0,000 Ib until the main wheels touch. Find the load factor for a point at the 
a ter of gravity, a point 200 in. forward of the center of gravity, and a point 
oat aft of the center of gravity. Find the distance the nose-wheel shock strut 
ee eenel at the time the main wheels touch if the vertical velocity of descent 
ig 12 ft/sec before landing. 

3.7. Anairplane is making a horizontal turn with a radius of 1,000 ft, and with 

change in altitude. Find the angle of bank and the load factor for i speed 
ta) 200 mph, (6) 300 mph, and (c) 400 mph. Find the loads on the wing and 
sail if the dimensions of the airplane are shown in Fig. 3.18, 

3.8. The airplane shown is making an arrested landing on a carrier deck. 
Find the load factors n and nz, perpendicular and parallel to the deck, for a point 
at the center of gravity, a point 200 in. aft of the center of gravity, and a point 
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rravity. Find the relative vertical velocity with 
; -ard of the center of gravity. Find t 
ae ti wheel strikes the deck if the vertical velocity of the oo 
aaa , js 12 ft/sec and the angular velocity is 0.5 rad/sec counterclockwise or 
sete Bien shown. The radius of gyration for the mass of the airplane Sa 
a cies of gravity is 60 in. Assume no change in the dimensions or loa 
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shown. 
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MOMENTS OF INERTIA, MOHR’S CIRCLE. 


4.1. Centroids. The force of gravity acting on any body is the re- 
sultant of a group of parallel forces acting on all elements of the body. 
The magnitude of the resultant 
of several parallel forces is equal 
to the algebraic sum of the forces, 
and the position of the resultant 
is such that it has a moment 
about any axis equal to the sum 
of the moments of the component 
forces.. The resultant gravity 
force on a body is its weight W, 
which must be equal to the sum 
of the weights w; of all elements 
of the body. If the forces of 
gravity act parallel to the z axis, . 

as shown in Fig. 4.1, the moments of all forces about the z and y axes 
must be equal to the moment of the resultant. 


Wz 
Wy 





yw, + Tye +-++ = Sew or [raw (4.1) 
Yi + ye +++ = Zywo Or fy dw (4.2) 


If the body and the axes are rotated so that the forces are parallel to 
one of the other axes, a third moment equation can be used. 


Wz = zy, + zoe +-+-+ = Sew or feaw (4.3) 


The three coordinates 2, 7, and 2 of the center of gravity (c.g.) may be 
obtained from Eqs. 4.1 to 4.3. 


z= 7P oy, [ed _ a) 
z dw 

g = op ua (4.5) 
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where 4 is the aves of the plate and w is the weight per unit Ik 
is seer that the courdhmstes 7 and y will be the same regardless of the 
thickness or weght of the plate. In many engineering problems the 
propertes: of areas ate Emportant, and the point im the area 
coordmatrs f and § as defined br Eqs 4.7 and 48 is called the centroid 
of the area. 
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42 Momest of Imertia. [2 comecicreg mertia foroes cp rotating 
Masses. \ was found that the mertia forces a= the elements of mass had 
& momen! atuut the aap of rotates of 


L,~«f7aM 


wahows @ Pig 43. The term under the mtegral sign is defined as the 
moment of eras of the mas about the z 1s 


l= fr aM (4.9) 


Stace the ¢ and y coordinates af the elements are east to tabulate than 
the redews t w= frequentiy qumvensnt to us the reiatoe 
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The coordinates ane chown ia Fig 44 T 
an atea os defined a> follows 

t=foaa 


From the relationship used in Eq. 410, 
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It is frequently necessary to find the moment of inertia of an dea 
about an axis when the moment of mertia ahow! a parallel axis & knows, 
The moment of inertia about the » axis shows in Fig. €5 is defined ax 
follows. . ‘ 











1, = fede ay 
substituting the relation z = @ + 2° in By 4.14 
1, =f@+epaa 
= @ faa + miferan + [aren iia 
i I, ~ A® + ade & oe aw. 






where £ represents the distance of the centrotd of the area from the 
y axis, as defined in Bg. 4.7, 1, represents the moment of imertia of the 
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Pe. 44 


The moment of inertia of « mam may be tratserred t para 
by a wumilar procedure to ‘hat used for (he masponh of lneoet anton 
For the mass shown in Fig 4.7, the following relations apply where the 


eantrovdal axis C lies in the 22 plane. 
I,m foam = [+ yam 
~ [lid +2) + wae 
m [\l + Bde’ + 2 + ya 
gibstituting ff = 27 + y 
1, = @ dM + 24/2 dM + fram 


Since ¢ @ measured from the centroidal axis, the second integral is zero 
The last integral represen |» Geek Coe 
axe 


Equations 4.17 and 4.18 can be used either to find the moment of inertia 
about any aus when the moment of inertia about » parallel axis through 
the centroid is known or to find the moment of inertia about the cen- 
troidal axie when the morsent of inertia about any other parallel axis is 
known. In transferring momente of inertia between two axes, neither 
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engineering handbooks. 
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(b) 


Fra, 4.9. 


Solution. The y coordinate of the center of gravity is in the plane of sym- 
metry of the airplane, The coordinates # and & are obtained from Eqs. 4.4 and 
4.6. The terms W, Yew, and Yew are obtained by totaling colurins (3), (5), 


and (7) of Table 4.1, 
o Sez TIS 12.16 
iW 4,243 : 
Dus. 26,109 gy 


te W 4,243 


Taste 4.1 






Item 


(2) (7) 














+15,781 



















Total weight empty.... 









+28,574 


| | Wing group 
2 | Tail group... 30,904 5,171 
3 | Fuselage group... 30,430 3,092 
4 | Lancing gear (up) 7,297 4,429 
5 | Engine section group. .... —6,179 — 1,138 
6 | Power plasty. s....5.- ~ 63,074 —7,782 
7 =| Fixed equipment......., ‘ 27,164 \ 2,621 
ere 50,723 | ..... 26,109 








The moment of inertia of the total area about the axis will be obtained as the 
sum of the moments of inertia of the elements about this axis. In finding the 
moment of inertia of any element about the z axis, Eq. 4.17 may be written as 


follows: 


I. = Ay’ + Is 


where I, is the moment of inertia of the element of area A about the 7 axis, y it 
the distance from the centroid of the element to the ¢ axis, and J» is the moment 
of inertia of the element about its own centroid, ‘Ihe terms Ay for all the ele 
ments are obtained in column (5) as the product of terms in columns (3) and (4), 
The values of J» are obtained from the equations shown in Fig. 48. The 
moment of inertia of the entire area about the x axis is equal to the sum of all 


terms in columns (5) and (6), 
I= 3908+ 404—9712inf 
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a moment of inertia may he transferred didnt 
Ben Pern ct aan = of the entire area 















— o : L, = 1, — (ZAyp 

= where ZA represents the tots) ares and § represents the distance 

re - to the centroid of the total area. from the 2 axis 
~" 


I, = 31.2 — 2294) = 128.0 ins 
= The radii of gyration may now be obtained as defined in En, 4.20, 


= 
a Se S752 
i T,_ [ize : 
; : Be \zi 7H = 2.26 in. 
;.s Example 3. Ina metal stressed-skin airplane wing, the sheet-matal : 


gets wih the MAPPSTURE Specie spars and stringers to form « beam ohint 


' sts the wing bending. Figure 4.11(a) shows a cross section of a typical wing 

vom which has only one spar. The spar 
i 7 has s vertionl web and extruded angle 
a C22 fis sections riveted to the spar web and 
f er a the skin The stringers are ex- 


truded Z sections which are riveted 
to the skin The upper surface of 
the wing is in compression, and the 

skin buckles between the 
stringers and ix ineffective in carry- 
ing load. The skin is riveted to the 
stringers at frequent intervals, and 
narrow strip of skin adjacent to each 
stringer is prevented from buckling 
and acts with the stringer in carry- 
ing compressive load. The effective 
width of skin acting with each stringer 





(b) is uually about thirty times the skin 
Fos. 4.11. thickness, but will be computed by 
a more securate equations in a subse- 


Loe sacte off woe the entire with of +i Lim ta off, 
quent chapter. On the umvler side of the Wing the entire width of the skin ise 


* : 
C- 


tive in resusting tension. [t » usually sufficiently securate ty sesumme the ares of 
each stringer and ite effective skin to be concentested at the centroid of its ares 


hing the tmomnent ot mertia of the area. The wing crocs section would 
te pemasted by the nine elements of area shown in Pig. 4.11(6). The 
os of inertia of each elernent about its own centroid is neglected. In this 
; wing, the skin ani stringers to the right of the spar are very light and 
essutned to be nonstructural. 
ooo srr inertia of the area shown in Fig. 4.11(6) will be obtained shout 
boraontal and vertical axes through the centroul of the total area. The areas 
end coordinates of the eletments are gives in columns (2), (3), and (6) of Table 4.3. 
Solution. This problem ix solved by the method used for Example 2, except 
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= t ol >a 
T= = 2310 ~ 7.195(01.56)% = 1288 ims 
_ AME = | eo 
"Fag Oe ire 
Iq = 331.6 — 7.135(0.86)" = 328 in.* 


41. Determine the moment of inertia of the area shown shout s ho _ 
axis through the centroid. few a 
42. sazmmine the moments of inertia and radii of gyration sbout horiaoatal 
and vertical axes through the centroid of the area shown, : fap 








Pos. 4.1. Peos. 4.2. ; { 


43. Find the moments of inertia and radii of gyration shout hotisontal amd 
vertical axes through the centroid of the ares shown. o> ae 

44. Por proper balance of the 10,000-b airplane shown, the wing must be —- 
located so that the sirplane center of gravity is 15 im aft of the wing leading 
eige. The center of gravity of the 1,500-Ib wing is 25 in. aft of the — 
The remaining 5,500 lb of weight is considered to be in the fuselage and fas its 
center of gravity 90 in. aft of the nose, as shown. Find the distance x from the **. 
nose of the fuselage to the wing leading edge. ) 
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4&4 Principal Axes. The moment of inortia of any arma about an 
inelimed axis is a function of che angle @, as given in Bys. 4.95 and 4.4. 
The angie + at which the moment of inertia J. is a maximum or minimam 
js obtained from the derivate of Bg. 4.25 with respect to 3. 


a? . 
Se Rl. cones :é- 2, cos 26 + 27, sin @ cos @ 


This derivative is sero whee ‘< SS & Maximum orminimam. Bquating 
the devalue to Bero and sungMifying, 
U, — 1.) sin 26 7. ons Be 
FP 
tan 26 = 8 


i, = J. (4.29) 
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MOMENTS OF INERTIA, MOIS CIRCLE 


l= hats - Jn + (a 


where J, represents the maximum value of 7, and [, represents the 
minimum value of 7, These values are moments of inertia about per 
pendicular axes defined by Eq. 4.29. 

4.5. Product of Inertia. ‘The product of inertia of an ares is evaluated 
by methods similar to those used in evaluating the momont of inertia. 
Products of inertia for various cloments of the area are usually evaluated 
separately and then added in order to obtain the product of inertia for 
the entire area. When both ¢ and p are positive or negative, the product 
of inertia is positive, but when one coordinate is pasitive and the other 
negative the product of inertia is negative, Tn the case of an area which 
is symmetrical with respect to the 2 axis, as shown in Fig, 4.13, enoh 


and 





element of area @4 in the first quadrant will have 4 corresponding Area 
in the fourth quadrant with the same ¢ coordinate but with the » coun 
dinate changed in sien. The sum of the products of inertia for the twe 
elements will be sero, and the integral of these terma for the entire arma 
will be pera 

fon - : zy a 4 -— 0 
The same relation is true if the area is ermmetrioal with respect to the 


» axis, Therefore, when either axis is an axis of symmetry, the pashact 
of inertia is sero and the axes are principal axes 


When the product of inertia of an area about one sot of coordinate 
axes is Known, it is possible to find the product of inertia about a set a 
naraticl axes. For the area shown in Fig, 4.14, the prxtuct of inertia 


about the # and »y axes is defined as 


I. = apa 
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a fepween the moments of inertia about various axes. If relationship 
bettom Eq. 432 are plotte| against values of [, obtained from En in 
values of 6, the points ould all fall on the 
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= in order to prove that the circle shown in Fig. 4.17 represents the 
! values given by Ees. 4.25 and 4.32, the values of I, and I,, will he 
ms pressed in terms of the moments of inertia about the principal axes 
j, and I, and the cngle 6 from the 2’ axis to the principal axis. If the 
2 and y axes are principal axes, a substitution of the values J,, = 0, 
‘ _«J,1, I,, and @ = @ into Eqs. 4.25 and 4.32 yields the following 
: equates: I, <1, co? 6+ I, a? 6 (4.38) 
l,~-ITe. 

; Ley “ 9 : siz, 28 (4.39) 
| The {oliowing trigonometric relations for double angles are used. 

de 6 = — Yow 

co 6 = + Ywos 
Sgbatituting these values i: Eq. 4.38, 
L,+1 I,-l 
l_ = a L. —£ , cos 26 {4 40) 


respond to the coordinates Iv aod I, which 


Equations 4.39 and 4.46 
metry of the circle shown in Fig. 4.17 The 


are cummputed {rota the ge. 
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to perpendic cular _ ——— . 
perpendicular axes | anual 
since rotation of the axes through 0 tatenhenme® 
of the coordinates 2/ and y/ for amy Hemant A 5tee mae 
oh one coordinate. ee,” 
Example 1. Find the moments of inertia «ixnet 


centroid of the area shown in Pig 4.18, Vind Ge 
inertia ebout axes z, and y, end anes 2 wnd Ye 





Fis. 4.38. 


Solution. The noments of inertix shout the z and » axes are obtained ae 
follows: 








= 2X12 , ($22 +5 x 9) ~ con in’ 





> 5. 
12 12 
1, ~ 2% +2(2%* +8x9)=1 


From Example 1, Art. 45, 
= —240 in.* 


Mobr’s cirele for the moments and products of inertia about all inclined axes 
tnay now be plotted from these three values. The products of inertia are 
plotted agsinst the moments of inertia J,', as shown in Fig. 4.19, Point z in 
Fig. 4.19 has coordinates 693.3 and — 240.0, as shown. If the z axis is rotated 








The center of the circle is a distance 34(693.3 + 173.3), or 433.3 from the 


origin. Point XY is a distance 260 horizontally and 240 vertically from the center 
of the circle; therefore the following relations apply: 
— 
Radius = \/(240) + (200) = 353.8 
26 = arctan $$$ = 42.7° 
or 
@ = 21.35° 


The principal axes are represented by points P and Q on the circle. The 
moments of inertia have maximum and minimum values, and the product of 


inertia is aero for these axes. The principal moments of inertia are equal to the 
distance from the origin to the center of the circle plus or minus the radius of 


the circle. 
I, = 433.3 + 353.8 = 787.1 in. 
I, = 433.3 — 353.8 = 79.5 in. 


The P axis is counterclockwise from the z axis, at an angle @ = 21.35°. Simi- 
larly, sinee point @ on the circle is counterclockwise from point Y, the Q axis is 
counterclockwise from the y s.as. 

The moments and product of inertia sbout the 2, and y; axes are obtained 
from the coordinates of points on the circle. Since the x, and y, axes are 15° 
dockwise from the z and y axes, the points X, and Y, on the circle will be 30° 
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Solution. The coordinates of pint X on the ica of Fig, 4:3 ore 320 and aot ti 
120. The coordinates of point Z are 1,160 and +120. ¢ points area 
opposite ends of the diameter and thus determine the circle. Tt is important te 7s 


> 








chow I... with the correct sign at point X in order that the direction of the princi 
pal axes may be obtained correctly, The distance of the center of the circhs — 
from the origin of coordinates is }4(320 4 1,160) = 740. Prom the geometry 


of the clea, Radius = V(@Gl0)" > G0? = 437 


se tan2@=j)§ 28 = 15.00" % 
@ = 7.97" en tee Fs 


“= 










a Fs 34 Atte ArT ATRUCTURRA 7 
Gawte. mordnte of Inertia are feprasnted hy pointe P and Q on the olrele, 
BP kich the toxemia of tnrtin have masimum td wines cae ae 

Paya ia aero, 

product of inertia Tem 740 487 @ L177 ine 
/, ~ 70 = 437 « 508 int 

. paint 2 ie 18,04" clookw lee frotm paint Z ot the cirote, the 2 xia will be 

hail this single, 7.07° wlohe Crom the ¢ ide, ne shown te Phe sean 


4.7, Mohr's Circle for Combined Strenses, ‘The relationship between 
area! etrosens and shearing tresses on planes at Various angles of in. 


clivation ja aimilar te the relationship between 
og pad meonente and products of inertia about inelined 
" axe Most structural members are subjected 
| siltaneowly to normal and honring stronws, 
-” met 1h it Hetemary to consider the combined 
4 } effet of the stromen in order to design tho 
‘ members. The landing-gear strut shown in 
| Pie 4.22. for example, ia mubjected to bencling 
wa () stresses Which produce tension in the direction 
of 
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ed 


oa 


ie strut, internal of) pressure which pro 

dice a clreumferential tension, and torsion 

which produces shearing utreasen on the her 

PY sonial and vertical planes, The rinn 

tenia atrens does not occur on elther the horl- 

zontal or vertical plane, bui on # plane inclined at some angle to therm, 

ft can be shown that there are always two perpendicular planes on 

which the shearing stromes ure sero.' Those planes are called prinetpal 
planes, and the stresses on ‘hone planes are called principal atroanea, 





re + Vi, 4.04 


Any condition af twoedinconsional atressee can be represented as shown 
b 4274, in which the jo imeipal etrense J, and f, act on the perpen 
teh perian peal planes. {he orientation of those planes depende on 
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cael + aint onder to Gittale he fe 
See eka A, the ene Se 
have areas A coe O and A sin 0, as shown. Wrarn nh need Le 
wlang the n and # axes, whieh are 1 es 


olined plane, the totiowing equations are obtained: en 

BP, = fel =f Awe Os SES 

LF, = fA = fyA con 0 ain O + JA sin Coon ee OO 

Using the trigonometrie relations for funotions of double angles, 
cow Om Vy VG eon 20 


eae 
“s A ae ¢ L 
iM Paar 


ain’ @ = Jaen eee oe se 
ain 0 ook 0 name 
. are 
und dividing Eqe. 4.41 and 4.42 by A, the following equations os hi a 
obtained : fo La Ate 4: ok vow 20 (449) . 
. 2 : ; ; = 
fi,- tr 5 fe sin 20 (4.44) 
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stresses are therefore shown to the 





Example. The «aaall clement shown in Pig. 4.26 represents the comditems 
of two-dimensional atreme at & pint in a structure. Find the norma! sad shear- 
ing stremes on planes inclined at an angle § with the verteea! plane, for vabuen of 6 








peant Q w counterclockwie from plane 
plane PF 
planes of maxwmum shear anri the stremaes on these plaaca ~ : Ft 
Solution. The vabuea of the normal stress f{, and the shearing stress [, on the —— CT ae 
horizontal and vertical planes are plotted as sherwn in Pig. 4.27. The vertical _. ** e Jif h - Ser ey af 
plane hes 2 wormal streas of 10,000 pai and s shearing stream of —4,500 pei, and ‘or i. * 
these coordmates are shown for paint A on Mohr's cirele. The streams on the or. an 
fe} fe) 


herwantal plane arn represented by peant Boom the cirdle, with ecordinate: of 
~2,000 and +4900, The circle ia now drawn with line AB a2 a diameter. The 
distance OC ip '4(-2,000 + 10,000) « 4,000. Pointe A and 2 have « hori 
sontal distance of 6,000 and a vertical distances of 4,500 from the center of the 


ereie. 
Ratins = iia? + BOP = 7,500 


- 1. 
tas 29 = 2 = O75 









te ; ee a oe seep 
stresses are shown on am Fe 4 | 
foams the vertical, since point 5 is «ice this angle clock 
 iecie. Plane 5 is also 45° clock» ne from plane P, an 


nae’ ; 










R is 45° counter- 


plane , 
R le positive, tending to 


B 2 
a epee Se Sees, 
| cn the circle must be 60° <cunterclockwiee from pointe d and Beemer 

. ‘The strewes on plane E are obtained by esleuinting the coord = 









EB om the cireie. : 
J. = 4000 + 7) cos TI = 10,900 psi 


‘The stresses om planes £ and P a -hown in Pig. in 
Dptapiirar pads, alin ts Ge emai Sen vertical 
plane A. ace obtained as follows 


f. = T5008 an S114? — 7,450 psi 

fa = £000 + 500 con 83.14" = 4,900 psi 
The stresses om planes #, which = © perpendicular to plane G, are 

i. = —7 SB +m 53.14" = —7 450 psi 

J. = 4000 — > 900 eos 83.14" = 3,100 psi 


Thee stremes are shown in Fig. : 25d). 


PROBLEMS 


48. Find the product of imert of the area shown shout the z and y axes. 
The ares & spmometrical by rots" o0 about the origin. 
49. Find the product of inert of the ares shown about the z and y axes. 





Peoee 64 aod 4.1 Peoee 6.9 and 412. 
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4.15. Find the principal axes and the moments of inertia about thee axes Z 


the wing cross section has the following properties: I, = £20 m.*, J. = 1280 int, 


1. = —-220 i" 
416. The wing cross section shown is made up of elementary areas coneen- 


trated at nine points. The areas of the elements, and the coordinates of the | 


areas with respect to reference asee 25 and ye are tabslated blew. | Find se 
moments and product of inertia about the z. aod ys axes Pind the at 
the ceatroidal axes z and y and the moments and product of inertia about these 
axes: then find the principal axes through the centroid and the moments of 
inertis about the principal axes. 
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CHAPTER 5 
SHEAR .3D S55 0°5G MOMENT DIAGRAMS 
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tion 5.1 shows that he teal a any 
-ho jerivative of the shear equstion at that point 
sen to apply to the equations for V which 1 


values of ae dz = 100 for «i points under the dic 
. = 100 lb m., and dV /dz = 0 for points where the bea: 
\ studs of the shear diagram -hown in.Fig. 5.3(8) sho that the shear = 
—— +e under the ¢ istrit sd load and remains 
nstar nloaded sections .f the beam. The concentrated loads or 
reactions are , cnn alana ‘nbuted over a zero length of the beam, 
_no ‘he oad intensity w is int site at these points. The shear diagram. 
always have discontinuitie at these points. | 
Equation 52 shows that the shear is to the derivative of the 
en ing-momeat equation at a Ly point. is relationship is very useful 
-, obtaming ‘ne shape of the . nding-moment diagram between plotted 
- ots A consideration of the bending-moment diagram of Fig. 5.3(c) 
shows that the moment cur. must have a horizontal tangent at the 
-: end of the beam, since the shear is zero at this point. The slope of 
che ben cos-ocment curve © ate gradually from the end 
_e bear to the left reacti o, since the shear increases in this region. 
"_. 10 the left of the reaction the bending moment is increasing at the 
rate of 6 6,000 ia n-Ib/in., since the slope must to the shear at this 
point he slope of the bencling-moment diagram just to the right of 
a eft reaction is —11,000 in-tb/m. The diagram 
-.. . negative slope for the entire region in which the shear is negative. 
For t + regm in whieh the shear is constant, the bending-moment curve 
to the value of the shear. 
 -naximum or minimum values of the bending moment must occur 





~-ere the shear is zero, simee the derivative of the bending-moment 
-..a0en must be sero. When the maximum bending moment occurs 


. . ooint under a distributed load, it is convenient to locate the point 
-he maximum moment from the shear diagram. 


53 3. Bending Mamet an Aeeait as Equation 5.2 may 


grated between any tv» points A and B of a beam. 
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et cae kane xd =i 
the change in bending moment for this section of 
bending moment is zero at the left end of the & is 
bending moment at z = 60. Similarly, oat e shear 
between points z = 60 and z = 100 is —360,000 i The | 
moment at z = 100 is therefore 180,000 ~ 360,000, or ~ 
For 2 beam such as this, where the 
bending moment is zero at each 
end, the total area of the shear 
diagram must be zero. = 
For beams carrymg eccentric [ 
axial loads or couple loads, Eq. 5.3 
doesnotapply. In deriving Eq. 5.3, 
the bending moment is assumed 
to be a continuous function be- 
tween points A and B. For the ) 
beam shown in Fig. 5.9, the bend- 
ing-moment curve has a discon- 
tinuity at the pomt where the 
couple is applied. The area under 
the shear diagram to the left of a 
point near the right support is ob- 
viously not equal to the bending 
moment for the point. The total 
area of the shear diagram is not 
zero, even though the bending moment is zero at each end of the beam. 
Equation 5.3 can, however, be used for parts of the if the discon- 
tinuity of the bending-moment curve is not between the points A and B. 
For beams carrying distributed loads, the shear may be obtained as 
the area under the load curve. By integrating Eq. 5.1, ) 
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126,000 in-lbs 
154.400 
Jnlb 


iy a (e) Bending moment 
(VS plane, shown 

on Comprasion 

Pia. 6.15, site af werden 


by components of the load« along the S axis, and is zero below point B and 
6,200 Ib above point B, aa shown in Fig. 5.15(b). The positive direction of the 
shear ja indicated on the shear diagram since there is no eatablished convention 
for positive shear in a member of thie type. The bending-moment diagram for 
loads in the VS plane ie shown in Fig. 5.15(¢), The bending moment just below 
point B is obtained by taking moments of all forces below thia point. 
M = 19,300 XK 8 = 154,400 in-lb 
This bending moment is constant for the lower part of the member, since the 
19,300-Ib load hes the same moment about any point on the center line of the 
member. The bending moment a small distance above point B in also obtained 
by taking momenta of all forces below the point. 
M = 19,200 * 8 — GAAO X 4 = 126,000 in-lb 
The bending moment above point B decreases linearly to zero at the top of the 
member, because the moment of the horizontal 6,200-Ib force at B in subtracted 
from the moment of 126,000 in-tb. The value at B may be checked by taking 
momenta of the forces above the point. 
M = 6,300 KD = 126,000 in-lb 


The bending-tnoment diagram ix shown on the compression side of the member, 


and all values on the diagram are shown aa positive. 
It is obvious that the bending moment at any point cannot be obtained na the 
area under the shear diagram below the point. The vertical loads at A and C 














vost ct atts ware 
in Fig, 5.16. The shear diagram is obtained (rom the componenta of forces = 
va 


along the D axis, and in shown in Fig, 5.16(6). The bending-moment perm 
shown in Fig. 5.16(c) is obtained from the mon ents of V and D fee 
forces. The bending momenta are obtained by taking moments of the forces = = 


Nic tha cos nc ad recused by taking ean of toa eons 
the crouse section, aa in the previous calculations. The bending-moment 
consiata of atraight lines because the shear is constant. It is necessary to com — 
pute values of the bending moment just above ind just below point C and also 
at the ends of the member, 4 
PROBLEMS Ye 


6.1. Plot the shear and bending-oment diagrams for the beam shown if 














P, = 0, Py = 400 tb, and w = 10 Ib/in. a 
A got 





~ 0, Ps = 1,000 Ib, and w ~ 5 ib/in. 
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#32 AIRCRAS? STRUCTURES 


53. Pict the shear and bendinc-moment er ake ir 3 
p= LOR Ps = HOB ade =o Gisgrams for the beam shown if 
‘§4 Plot the shear and bendine-moment : ; 
p= 2000 &, P. = 100, and e = 108 t Gaerams for the beam shows i 


peQm=GQacde = NER “Gaerams for the beam shown i 





5.6. Plot the shear and bendine-moment diagrams shown i 
P = 2,000 ib, », = 10 Ib/in, and =; = 20 Ib/fin ot : 
57. Caleulste the shears anc ending moments st 20in. intervals for the 
i Fiz. 5.10\c), using the ta aler method of Example 2 Art. 53. Find 
centage error for each value of the bending moment. 
&8& Repest Prob. 3.7, obtaining valwes at 10-in. intervals. 
69. Pi 


; Plot the ar iba -osgrams for the lending-gear member shown 


jo Figs. 2.12(c) snc 
5.20. Pict the pending-mome:t diagrams for the diene 
shown in Fig. 2.11, if the leads applied to the axle are 20,000 Ib in the F di: ae 


in the D direction. 
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6.1. Flexure Formula. After tie a je shear and 
bending moment at a cross section of « beam, 1 5 BECSSMAy MAS 
unit stresses om the cross section in order to design the beam, “The 
stress is the force intensity st any point, and bss units-of f ce per un 


through its centroid, so that these axes will be principal anes The ss 
stresses resulting from axial forees, shearing forces, and bending moseais iAx 
will be computed separately and superimposed. “ag 





An initially straight beam is deflected toa circular are when loaded in 
pure bending as shown in Fig. 6.1. It has been found experimentally 
that s plane cross section of the beam remains plane after bending. 
The cross sections AB and CD shown in Fig. 6.1 would both be vertical 
planes before bending, and would become radial planes after bending. 
If the beam is considered as made up of longitudinal “fibers,” the fibers: 
in the upper part of the beam will be compressed and those in the lower : 
part will be stretched. The fibers on some intermediate surface, called 
the neutral surface, will remain the same length. The intersection of the 
neutral surface and any cross section is called the neutral axis for the 
cross section. If cress sections AB and CD are originally a unit distance _ 
apart, the unit elongation e of any fiber between these cross sections 3S 

1138 . 


